Abstract. In this paper, we consider a dynamic viscoelastic contact problem with friction and wear, and describe it as a system of nonlinear partial differential equations. We formulate the previous problem as a hyperbolic quasi-variational inequality by employing the variational method. We adopt the Rothe method to show the existence and uniqueness of weak solution for the hyperbolic quasi-variational inequality under mild conditions. We also give a fully discrete scheme for solving the hyperbolic quasi-variational inequality and obtain error estimates for the fully discrete scheme.
Introduction
Viscoelastic contact is a well-discussed physical phenomenon which describes the deformation process of a viscoelastic body when it contacts with a rigid foundation. Various theoretical results and numerical algorithms with applications have been studied extensively for quasistatic viscoelastic contact problems in the literature (see, for example, [13, 14, 29, 32] ).
In order to describe the process of deformation of a viscoelastic body with wear when it contacts with a rigid body foundation, several quasistatic viscoelastic frictional contact problems with wear were introduced and studied under different conditions; for instance, we refer the reader to [6, 24, 26] and the references therein. It is worth mentioning that Chen et al. [6] were the first to derive error estimates of fully discrete schemes for solving quasistatic viscoelastic frictional contact problems with wear. Recently, Gasiński et al. [10] proposed a mathematical model to describe quasistatic frictional contact with wear between a thermoviscoelastic body and a moving foundation. Very recently, Jureczka and Ochal [17] obtained the numerical analysis and simulations for the quasistatic elastic frictional contact problem with wear.
In this paper, we consider a mathematical model which describes a dynamic viscoelastic contact problem with friction and wear, in which the material behavior is followed by the Kelvin-Voigt viscoelastic constitutive law and the frictional contact is modelled with a wear governed by a simplified version of Archard's law [33, 34] for the velocity field associated to a version of Coulombs law of dry friction.
The rest of this paper is organized as follows. Section 2 presents some necessary preliminaries and the weak formulation of the dynamic viscoelastic contact problem with friction and wear. Inspired by Migórski and Zeng [23] , we prove the existence and uniqueness of the solution for the hyperbolic quasi-variational inequality under mild conditions by applying the Rothe method [19] in Section 3. We obtain the existence and uniqueness of weak solution for the dynamic viscoelastic contact problem with friction and wear in Section 4. Finally, we present the fully discrete scheme for solving the hyperbolic quasi-variational inequality and derive the error estimates for the fully discrete scheme in Section 5.
Preliminaries
In this section, we first recall some notations that will be used later. The main materials can be found in the book [25] . In what follows, we use the following notations:
where u is the displacement field in R d . For a smooth displacement field u, we write ε and Div for the meaning of deformation and divergence operators of u, respectively. Here, ε and Div are defined by
It is easy to see that H and Q are real Hilbert spaces endowed with inner products as follows:
Assuming u has a partial derivative in a certain sense such as distribution sense, we can define the Hilbert space H 1 = {u ∈ H; ε(u) ∈ Q} endowed with inner product as follows:
To simplify notation, let · H , · Q and · H1 denote the norms on spaces H, Q and H 1 , respectively.
We recall some spaces
to X with the norm
denote the space of all continuous functions from [0, T ] to X with the norm
are all Banach spaces when X is a Banach space.
From now on, we could turn to discuss the physical problem mentioned above, namely, a viscoelastic body occupies the domain Ω ∈ R d with a Lipshitz continuous boundary Γ and it will be deformed due to external forces. Especially, the deformation will be characterized by viscoelastic property inside the body and friction property at the boundary. The boundary could be divided into three disjoint measurable parts, i.e., Γ 1 , Γ 2 and Γ 3 such that meas(Γ 1 )> 0. Let I := [0, T ] be the time interval. We write linearized strain tensor and stress tensor of displacement vector u as ε(u) and σ(u). The relation between u and ε(u) was introduced above. The relation between ε(u) and σ(u) is characterized by the viscoelastic rule, i.e., σ = A(ε(u)) + G(ε(u)), where A, G are viscosity operator and elasticity operator, respectively.
Let ν denote the unit outer normal vector on Γ. The normal and tangential component of the displacement u and stress field are denoted by
Then we have the following Green's formula:
We concern with the displacement field of the body on the time interval Affected by these forces, the body may contact with the obstacle, i.e., the foundation, on the contact surface Γ 3 . Following the model considered in [6] , we can model the friction contact between the viscoelastic body and foundation with Coulomb's law of dry friction.
Assuming that there is only sliding contact, we have
where v * is a constant vector which represents the displacement of the foundation. Let w denote the wear function which measures the wear of the surface. Then it follows from [6] that
Let ρ, u 0 and v 0 denote the mass density, initial displacement and initial velocity field, respectively. Under above assumptions, we could state our physical problem as follows:
To derive the variational formulation for Problem 2.1, we need to introduce another space. Let V denote a closed subspace of H 1 defined by
We define the inner product (·, ·) V on V by setting
Since meas(Γ 3 )> 0, Korn's inequality implies that there exists a positive number C K (depending only on Ω)
and Γ 1 such that
Next we turn to derive the variational formulation for Problem 2.1. From the second equality in Problem 2.1, one has
Application of Green's formula (2.1) enables us to rewrite (2.3) as follows:
where
due to v = 0 on Γ 1 and σν = g on Γ 2 . Taking v as v −u in (2.4), from the boundary condition of Γ 3 , one
it follows from (2.5) and (2.6) that (2.4) can be rewritten as follows:
Thus, the variational formulation for Problem 2.1 can be stated as follows:
3 Existence and uniqueness of Problem 2.2
To solve Problem 2.2, we consider a class of abstract variational inequalities in Banach spaces. Firstly, we introduce the Gelfand triple of Hilbert spaces which can be found in [23, 25] . Let V and H denote, respectively, the strictly convex, reflexive and separable Banach space and the separable Hilbert space with V embedding to H densely and compactly. Identifying H with its dual H * ∼ = H, we obtain the Gelfand triple V ֒→ H ֒→ V * , where ֒→ denotes the continuous embedding. We write the embedding operator between H and V * as i * , which is continuous and compact. Therefore, we can consider the duality pairing ·, · V * ×V as continuous extension of the inner product (·, ·) H on H, i.e.,
We define duality pairing on V and inner product on H as
Thus, H is a Hilbert space. Similarly, the space W ≡ {v|v ∈ V,u ∈ V * } equipped with the graph norm w W = w V + ẇ V * is a separable reflexive Banach space, whereẇ stands for the weak derivative of w.
Furthermore, we have the continuous embedding W ֒→ V ֒→ H ֒→ V * . We use the notation · to designate the norm in V if there is no confusion. Moreover, by no abuse of notation, we denote by C a constant whose value may change from line to line when no confusing can arise.
Given two symmetry operators A, B : V → V * , a functional j : V × V → R ∪ {+∞} and two initial values u 0 ∈ V and v 0 ∈ H, we begin by study the hyperbolic quasi-variational inequality which can be stated as follows:
In order to solve Problem 3.1, we impose the following assumptions.
H(1)
There exists a constant M B > 0 such that
There exists a constant L B > 0 such that
There exists a constant C j > 0 such that
Remark 3.1. We would like to mention the following facts: (a) the assumption (3.6) was first introduced by Han et al. [13] to study a class of parabolic quasi-variational inequalities; (b) the assumptions (3.7) and [1] .
Similar to the study of [23] , we will use the Rothe method to prove the existence and uniqueness of the solution for Problem 3.1. It adopts time semi-discrete scheme to obtain a sequence of convergence function.
At each time step, we shall solve an elliptic variational problem. Then, we apply the piecewise constant and piecewise affine interpolation to approximate the solution for Problem 3.1.
For any given N ∈ N, let f
We use the following notations for simplicity
We now consider the following semi-discrete scheme of Problem 3.1. 
Then Problem 3.2 can be transformed as follows: Find u ∈ V such that
For any given g, h ∈ V , we consider the following variational inequality of finding u gh ∈ V such that
We note that problem (3.13) is an elliptic variational inequality on Banach space V . In terms of (3.1), (3.2), (3.3), (3.4), (3.9) and the definition of embedding operator i, we see that the classical elliptic variational inequality (3.13) has a unique solution u gh (see [11, 35] ). Moreover, by Lemma 3.1 of Xiao et al. [35] , we have u gh ∈ V .
Next, we show that the mapping g → u gh is contractive for any given h ∈ V . In fact, letting g = g 1 and g = g 2 in (3.13), respectively, one has
and
Taking v = u g 2h and v = u g 1h in (3.14) and (3.15), respectively, and adding the above two inequalities, we have
Employing the assumptions of operator B and functional j, it follows from (3.16) that
Since M B > L j , we conclude that g → u gh is a contractive mapping. Thus, the mapping g → u gh has a unique fixed point u h ∈ V for a.e. t ∈ I and u h satisfies the following condition
Similarly, taking h = h 1 , h 2 ∈ V in (3.17), respectively, one has
Choosing τ 0 such that τ0LA MB −Lj < 1, we can derive that the mapping h → u h has a unique fixed point u ∈ V and so u is a unique solution of the variational inequality (3.12).
Finally, for k = 1, Problem 3.2 can be stated as follows: Find ν k τ ∈ V such that, for all v ∈ V ,
Similar to the case that k ≥ 2, it can be easily seen that problem (3.18) has a unique solution provided M B > L j . This ends the proof. 
It follows from (3.1)-(3.7) and (3.8) that
This shows that
This yields
where ǫ 1 , ǫ 2 are positive numbers. Thus,
Since 20) it follows that Au 0 − f 1 τ is bounded, i.e., there exists a constant M being independent of τ such that
Since M B < 2C j , we can choose positive numbers
Thus, the following inequalities can be obtained from (3.19)
where C * is a constant. Since u
This completes the proof. 
Proof. For k ≥ 2, similar to the proof of Lemma 3.2, we consider the k-th inequality in (3.2) with v = ν k−1 τ and (k − 1)-th inequality in (3.2) with v = ν k τ . Then we add these two inequalities and get
By the hypothesis of (3.6) and the relation (3.10), we have
It follows from the hypothesis of (3.5) and the symmetry of inner product that
(3.23) Then (3.22) can be rewritten as follows:
Summing up the above inequalities from 2 to n with 2 < n < N , we have
Since f (0) ∈ V * , we can extend f to the interval (−τ, T ] as f (t) = f (0) while t ∈ (−τ, 0]. It follows that
The right term of (3.24) can be calculated as follows:
We note that
Thus, the right term of (3.25) can be limited by the following inequality
where ǫ is an arbitrary positive number. It follows from (3.25), (3.26) that (3.24) can be converted as follows:
where η is an arbitrary positive number and η < MA 2 . Thus,
By Lemma 3.3 and M B > L j , we can derive that
where c is a positive number being independent of τ . Taking e k = ν It follows from (3.27) that
Therefore, there exists a constant C > 0 being independent of τ such that
Following the work of Migórski and Zeng [23] , we define the piecewise affine functions u τ , ν τ , z τ and the piecewise constant functionsũ τ ,ν τ ,z τ , f τ on the time interval I as follows:
Lemma 3.5. If (3.1), (3.2), (3.4), (3.5), (3.6), (3.1), (3.6), (3.7), (3.8) are satisfied, then there exist two constants τ 0 > 0 and C > 0 being independent of τ such that, for any τ ∈ (0, τ 0 ),
Proof. According to the definitions and Lemma 3.4, the above conclusions can be easily obtained. 
Lemma 3.6. ([16]) If V is Banach space and {v
Moreover,
where u is the unique solution of Problem 3.1.
Proof. As V is a Banach space, we know that W k,p (I; V ) and C(I; V ) are both Banach spaces. Thus we only need to prove that {u
and {ν τn (t)} ∞ n=0 are all Cauchy sequences for any {τ n } ∞ n=0 in (0, +∞) with τ n → 0. Sinceν τ (t) =z τ (t), we can rewrite (3.12) as follows:
Taking v =ν ρ (t) in inequality (3.29) and v =ν τ (t) in inequality (3.30), respectively, and adding (3.29) to (3.30), we can obtain
It follows that
Employing the hypothesis of A, one has
By Lemmas 3.3 and 3.4, it follows from Lemma 10 of [23] that there exists a constant C > 0 being independent of τ such that
for all t ∈ (t k−1 , t k ]. Thus, the inequality (3.31) is equivalent to the following
Integrating both sides on (0, t] of (3.33), we have
From (3.33), we also have
Integrating both sides on (0, T ] of (3.35), one has
Since C is independent of τ and ρ, we deduce that {ν τ (t)} and {u τ (t)} are Cauchy sequences in C(I; H) and C(I; V ), respectively. From the completeness of C(I; V ) and C(I; H), we know that there exist u(t) ∈ C(I; V ) and ν(t) ∈ C(I; H) such that
It follows from (3.32) thatũ τ (t) → u(t) in C(I; V ) andν τ (t) → ν(t) in C(I; H). By the inequality (3.36),
we obtainν τ (t) → ν(t) in V. From Theorem 2.39 of [22] and Lemma 3.4, we have ν(t) =u(t) for a.e. t ∈ I. Now Lemma 1.3.15 of [19] implies thatu(t) ∈ L ∞ (I; V ),ν(t) ∈ L ∞ (I; H),ν τ (t) →u(t) weakly in V for a.e.
t ∈ I andν τ (t) →ü(t) weakly in H.
Since H is compactly embedded in V * andν τ (t) →ü(t) weakly in H, we haveν τ (t) →ü(t) strongly in V * . Moreover, for sequences {ν τ (t)} and {ν τ (t)}, we haveν
Thus, by Lemma 3.6, there exist subsequences {ν τ k (t)} ⊂ {ν τ (t)} and {ν τj (t)} ⊂ {ν τ (t)} such that {ν τ k (t)} converges to ν(t) in H a.e. t ∈ I and {ν τj (t)} converges toü(t) in V * a.e. t ∈ I.
In a conclusion, we have
From the continuity of operators A, B and the functional j, it follows from (3.37) that there exists a sequence
for a.e. t ∈ I. Letting τ = τ n in (3.29) and n → ∞, we have
Now we prove the uniqueness of solutions to Problem 3.1. Assuming that u 1 and u 2 are two solutions of Problem 3.1, one has
Taking v =u 2 (t) and v =u 1 (t) in (3.40) and (3.41), respectively, and then adding (3.40) to (3.41), we obtain 1 2
for a.e. t ∈ I. From the initial condition that u 1 (0) = u 2 (0) andu 1 (0) =u 2 (0).
The solution of dynamic contact problem
In this section, we apply the result presented in Section 3 to study Problem 2.2. To this end, we assume that the viscosity operator satisfies the following conditions:
There exists L A such that |A(x,
For any ε ∈ S d A(·, ε) is Lebesgue measurable and A(x, 0) ∈ Q.
Moreover, we assume that the elasticity operator satisfies the following conditions: ε) is Lebesgue measurable and G(x, 0) ∈ Q.
The body force f 0 , surface traction g, coefficient of friction µ, adhesion field β, initial conditions u 0 , v 0 and mass density ρ have the following properties 
where c γ is the constant in trace theorem. Then Problem 2.2 has a unique solution u ∈ C(I; V ) satisfyinġ u ∈ C(I; V ) L ∞ (I; V ),ü ∈ C(I; V ) L ∞ (I; V ).
Proof. The proof is based on Theorem 3.1. Let V denote the space defined in (2.2) and H = L 2 (Ω, R d ).
Then there are an evolution triple of spaces V ֒→ H ֒→ V * and a compactly embedding operator i : V ֒→ H. Obviously, ((·, ·)) H and (·, ·) H are equivalent inner product due to the assumption of mass density ρ. Thus, we see that Problem 2.2 can be transformed as follows 
Recall the trace theorem, i.e., there exists a constant c γ > 0 such that
Then the inequality (4.4) can be transformed as follows
Thus the condition (3.7) holds. Similarly, we have
and so the condition (3.6) is true. Therefore, we verify that all the conditions of Theorem 3.1 are satisfied and so Problem 2.2 is uniquely solvable.
Fully discrete approximation
In this section, we will construct a fully discrete scheme to approximate Problem 3.2. To fully discretize the hyperbolic quasi-variational inequality (3.11), we shall use finite-dimensional space V h which can be constructed by the finite element method with u h denoting the element in V h , where h is the maximal diameter of the elements. We also need a partition of the time, i.e. 0 = t 0 < t l < · · · < t N = T and In this section, we do not adopt the repeated index to represent the summation.
Then a fully discrete scheme can be constructed as follows.
